Simulation of wall-bounded turbulent flows poses significant challenges and requires tightly controlled mesh spacing and structure near the walls. Semi-structured or hybrid meshes are often used for turbulent boundary layer flows. These meshes not only account for complex geometry but also maintain highly anisotropic, graded and layered elements near the walls. However, for engineering flow problems the mesh spacing required to achieve a given level of accuracy cannot be determined a priori and therefore, an adaptive approach becomes essential. For wall-bounded turbulent flows, such an approach must incorporate the structure of the turbulent boundary layer and 
The accuracy of numerical simulations strongly depends on the mesh resolution and quality. In complex flow problems, it is difficult to determine the adequate mesh resolution a priori. In such 2 cases, an initial mesh is used to get an approximate flow solution; this mesh is then adapted using a posteriori error or correction indicators, i.e., based on the approximate numerical solution. This process is carried out iteratively to attain a given level of accuracy. In order for the overall adaptive process to be efficient, the resolution needs to be changed or adapted in a local fashion. This can be done by locally modifying the mesh elements based on a size field. One option is to use scalar error indicators to determine the desired mesh size field, leading to isotropic elements. However, most flow problems of interest exhibit highly anisotropic solution features such as boundary layers, shear layers, shock waves etc. These features are most efficiently resolved with anisotropic elements, i.e.,
where elements are oriented and stretched in a certain manner.
For viscous flows, boundary layers need to be resolved efficiently and accurately as they are a prominent flow feature. Additionally when the boundary layers are turbulent, which is often the case for high Reynolds number flows, mesh spacing needs to be properly controlled. Meshing boundary layer regions with isotropic elements will put an excessive demand on the computational resources due to an extremely large mesh. Furthermore, a fully unstructured anisotropic mesh results in poorly shaped elements (e.g., elements with aspect ratio above 1000) and in-turn leads to a numerical solution of poor quality [1] . To remedy these problems, layered, orthogonal and graded elements are used near the walls whereas the rest of the domain is filled with unstructured elements; this is referred to as a boundary layer mesh. Such hybrid meshes have been extensively used for flow simulations [2] [3] [4] [5] [6] [7] . During adaptivity, it is desirable to maintain this layered structure of elements. Adaptation procedures based on local mesh modifications for boundary layer meshes have been presented in previous work [1] . These procedures have recently been extended to work in parallel for distributed boundary layer meshes [8] .
Turbulent boundary layers have been studied extensively, both experimentally and computationally, and the mesh spacing requirements near the walls are well understood in terms of inplane/lateral and thickness/normal resolution needs for different turbulence modeling approaches [9] [10] [11] . These near-wall resolution requirements are usually defined in a dimensionless form of wall or plus units (e.g., ∆x + , ∆y + and ∆z + ) and vary according to the modeling method (e.g., RANS, LES or DNS) and the type of wall treatment (i.e., resolved or modeled). Since the mesh spacing requirements in the boundary layer region largely depend on the flow physics, it is advantageous to use this insight to drive the local adaptivity. Moreover, high speed flows pose additional challenges in the regions where shock waves and boundary layers interact. Mesh resolution and structure in these regions need to be carefully chosen.
This paper focuses on thickness adaptation of the boundary layer mesh. Algorithms are outlined to adaptively set or control the mesh attributes in the boundary layer regions. Strategies are included to detect and account for flow regions with separated boundary layers as well as shock wave and boundary layer interaction. The thickness control of boundary layers, wherein flow physics indicators are used, is combined with interpolation-based or numerical error indicators. The latter is also used for the interior part of the mesh, i.e., in the rest of the domain.
The article is organized as follows. Section II describes anisotropic adaptive control for boundary layer meshes. Section III outlines the new strategy for adaptive control or specification of thickness in layered portion of the mesh. Section IV illustrates the effectiveness of our approach by showcasing results for two aerodynamic problems involving transonic and turbulent flows.
II. Anisotropic adaptive control for boundary layer meshes
A. Boundary layer mesh attributes Semi-structured boundary layer meshes are widely used in numerical simulation of wall-bounded turbulent flows. Such meshes provide an easy way to achieve anisotropic elements with aspect ratio of 10,000 or more, without creating poorly shaped elements which would severely influence and degrade the flow resolution. Figure 1 shows an example of a boundary layer mesh for a simple pipe geometry [8] . For 3-D meshes, the layered portion of the mesh is comprised of prisms whereas pyramids and tetrahedra are used in the unstructured or interior portion.
The boundary layer mesh contains a structure that can be decomposed into a product of a layer surface (2D) and a thickness (1D) [1] . Similarly, mesh attributes for mesh resolution needs include in-plane/lateral and thickness/normal components. The in-plane resolution is prescribed in a similar fashion as the unstructured portion of the mesh. This controls the mesh composed of triangles located on the wall (and in each layer). On the other hand, the important parameters Typically layers are created with a geometric progression leading to interdependence of these parameters that is given by the following equation:
The growth factor is the multiplication factor by which the height of a layered element increases with respect to that of the previous layer. Three of the above parameters can be chosen independently, and the fourth one is determined through Eq. 1. Figure 2 shows the general structure of a boundary layer mesh and shows some of the key mesh attributes. Out of these, t 0 and T are physically the most important ones. As described in Section III, we use flow physics information from the boundary layer to set these parameters.
B. Hessian driven anisotropic adaptivity
Outside the boundary layer, the mesh can also be anisotropic. Since the level of anisotropy required outside the boundary layer is much less, general unstructured anisotropic meshes are used and the mesh anisotropy is defined using the well-known Hessian (or interpolation error) based methods [12] [13] [14] [15] . The anisotropic adaptivity used in this work, is based on local modifications of the mesh elements following a mesh metric field [16] . The mesh metric is derived from a Hessian matrix, which is a symmetric matrix constructed from the second derivatives of a particular flow solution variables. Traditionally, speed and density are chosen as the solution variables, but a combination of different variables can also be used.
The Hessian matrix is decomposed as H = RΛR T , where R is the matrix of eigenvectors and Λ is the diagonal matrix of eigenvalues (λ). The directions associated with the eigenvectors are referred to as the principal directions and the eigenvalues are equivalent to the second derivatives along these directions. High eigenvalues are associated with higher error in the corresponding direction. Similarly, a low eigenvalue means lower error in the corresponding direction [1] . To achieve a suitable mesh resolution in different directions , a uniform distribution of local errors is applied in the principal directions which leads to h 2 k |λ k | = , where is a user specified tolerance for the error and h k is the desired size in the k th principal direction. More details of the size field computations can be found in Sahni et al. [17] .
Transformation
Physical space : X':M:X = 1
Metric space : x'.x = 1 The mesh metric field can be thought of as a transformation matrix which defines a mapping of an ellipsoid in the physical space into a unit sphere in the metric space, as shown in Figure 3 . An element of any shape in the physical space is transformed to an equilateral element in the metric 6 space with this transformation. The goal of the mesh adaptation software is to achieve unit edge lengths in the metric space. For meshes of complex domains, this criteria is usually relaxed to constrain edge lengths in the metric space to be within an interval close to 1 [13, 16] .
In this work, we use a commercial mesh generation and adaptation package provided by Simmetrix Inc. [18] . The mesh generation process employs three basic steps. In the first step the surface mesh is created on a patch by patch basis using a general purpose anisotropic triangular mesh generator. Next, an advancing front procedure is used to produce the boundary layer meshes on the selected surface patches [5] . The remainder of the domain is then filled by a general purpose anisotropic tetrahedral mesh generator. All steps in the meshing procedure interact with the original domain definition (e.g., CAD model) to ensure the correct geometric approximation of the mesh and the volume meshing steps are allowed to introduce local modifications to the surface mesh if such modifications yield a better overall mesh. The mesh adaptation procedure employs a generalized set of mesh entity splits, collapses, swaps and compound operators to convert the given mesh to one that satisfies the anisotropic mesh metric field given. The two overall steps in the mesh adaptation procedure are (i) adapting the boundary layer such that the boundary layer structure is maintained [1] and (ii) adapting the remaining interior mesh [16] . Both of these steps interact with the original domain definition to ensure the correct geometric approximation of the mesh.
Extension to boundary layers
The methodology outlined above works well for unstructured elements. When working with boundary layers we want to preserve their structured nature, and using this technique directly does not guarantee that. To extend anisotropic adaptivity to boundary layer meshes we instead use the approach described below. Adaptivity is carried out in two stages; in-plane adaptation that achieves the required mesh sizes on the layer surfaces and does not affect the thickness, and thickness adaptation which changes the normal spacing of the boundary layers. The in-plane adaptation is driven by the mesh metric field calculated from the Hessian as described in this section (see [1] for more details). The thickness adaptation is driven by the procedures outlined in the next section.
III. Adaptive control of layer thickness
To efficiently resolve the boundary layers in turbulent flows, careful control is needed for the distribution of points in the wall-normal direction. The Hessians tend to be less accurate near the walls and therefore, they are not a good candidate to drive thickness adaptation for such a critical flow region. Since, the mesh spacings in this region are largely dictated by the boundary layer profile and the turbulence model being used, this information must be used for thickness adaptation.
To demonstrate how critical the distribution of points normal to the wall is, Figure 5 shows boundary layer profiles for a turbulent pipe flow. The first cell height is varied from t 
A. Types of boundary layers in flows
At this point it is important to define the different classes of boundary layers in the flow. This is because control of the mesh parameters is different for each type. The usual classification includes laminar and turbulent boundary layers. However, this paper focuses on turbulent boundary layers as they are the most prevalent type for high Reynolds number flows and are much more complex to deal with in numerical simulations. Also, the mesh spacing requirements to resolve the turbulent boundary layers are much tighter than that for the laminar boundary layers; in the former much steeper profiles or larger velocity variations are experienced near the wall (see Figure 6 ).
The second classification of the boundary layers relates to whether the boundary layer is attached or separated. In many flows, due to adverse pressure gradients and/or sharp turns and corners, Figure 6 shows the two types of attached boundary layer profiles and a typical separated boundary layer profile. In both classifications, we use local wall shear stress to incorporate flow physics.
B. Calculation of the wall shear stress
The near-wall mesh spacing requirements for turbulent models depend on distance from the wall in wall units (y + ), which needs the knowledge of the wall-friction velocity u τ . The friction velocity can be typically calculated from the wall shear stress τ w as u τ = τw ρw . Many solvers readily provide wall shear stress as a field after a post-processing step based on local gradient at the walls (e.g., finite difference or element-based gradient values). However, this typically results in numerical noise due to involvement of velocity derivative. We use an alternative method to calculate this field in a fast and an accurate manner.
Since boundary layers in high Reynolds number flows are mostly turbulent, one method to calculate τ w is by using the Spalding's law. It gives y + (dimensionless wall distance) as a function of u + (dimensionless velocity), written in an implicit form given by [20] :
where A = 0.1108 and κ = 0.4 are dimensionless constants. u + is the dimensionless (mean) velocity along the boundary layer and is obtained by normalizing the local velocity (u) by the friction velocity (u τ ), i.e., u/u τ . This law is valid through the inner layer region of an attached turbulent boundary layer on smooth surfaces and is therefore useful for wall shear stress computation since it requires information from a region very near to the wall (i.e., sublayer or buffer region of the turbulent boundary layer). Moreover, for compressible cases density changes must also be accounted inside the boundary layer (e.g., via Van Driest transformation [21] ). However, for transonic cases considered in this study density changes were found to be insignificant very near to the wall, i.e., along the points taken into account for calculating the wall shear stress. For example, we observed mean density change of 0.24% and a maximum density change of 12% along the wall normal direction in the Delery bump case considered in analysis. Moreover, higher density changes very near to the wall were observed in regions where shocks and boundary layers interact; at these locations care is taken including trimming of layers as discussed later.
Using Eq. 2, u + can be calculated at various points along the growth curve, with following iterative approach (discussed for a given point).
1. Calculate the distance of the given point on growth curve from the wall: ∆y.
2.
Retrieve the velocity at this point from the flow solution: u. 4. Use Newton's method to iteratively solve Eq. 2 until convergence is reached (to a specified tolerance) and update value of u τ (in each iteration).
5. Use the final value of u τ to calculate the final value of u + .
This process can be repeated at any number of points on the growth curve. In the end, an average over the points gives the final friction velocity u τ at the wall point of the growth. We use first 3 to 5 points along the growth curves to calculate u τ . The wall shear stress can then be calculated as τ w = u 2 τ ρ w . This entire process is done for each growth curve to get τ w at each wall vertex.
Another method to calculate a quick and an approximate estimate of the wall shear stress, is using a finite difference approach near the wall. Using the first vertex from the wall and known u and ∆y 0 values at that point, τ w can be calculated using τ w Let us assume that the turbulence model requires first cell height to be equal to (∆y
we have an initial coarse mesh with a computed solution, using the wall shear stress (τ w ), desired value of t 0 (in a local fashion) can be calculated, by the following algorithm:
1. Get the local kinematic viscosity (ν w ) and desired (∆y 
D. Total height of the layered mesh (T )
It is desirable to have the total height of the layered portion of the mesh to be equal to or greater than the height of velocity boundary layer given by δ 99 . δ 99 is the distance from the wall at which the velocity becomes 99% of the local free stream velocity (i.e., at the edge of the boundary layer), and is an accepted measure of the boundary layer thickness. It is usually difficult to calculate δ 99 directly as it requires knowledge of a reference velocity. For simple problems (e.g., a flat plate), the reference velocity is usually the constant free stream velocity, but it can have significant local variations for problems of interest, where the flow as a whole undergoes local acceleration or deceleration. This presents a difficulty in directly calculating the boundary layer height.
To calculate T , we base our approach on the observation that vorticity outside of an attached boundary layer is negligible. Since the boundary layers have the largest velocity gradients very close to the wall, vorticity in this region is the highest and decreases as one moves farther away from the wall. As boundary layer growth curves are perpendicular to the wall (or close to perpendicular), one can walk along these edges starting from the wall, and determine the point at which the vorticity drops below a threshold value. This threshold value depends on the local maximum value of vorticity for attached boundary layers, which is most often encountered at the wall. In our analysis, we have found that a good value for the threshold is 0.02% of the wall vorticity magnitude.
E. Growth factor (r) and number of layers (n layers )
To increase the boundary layer elements' height away from the wall, a growth factor (also known as the stretching factor) greater than 1 is used. This is because the tightest mesh spacing is required very close to the wall, but this requirement is not as strict further away from the wall. An ideal scenario would be to achieve the height of the last layer equal to the mesh sizes in the unstructured region of the mesh in order to get a smooth transition. The mesh adaptation process provides the option of a boundary layer gradation factor, which controls the smoothness of transition of boundary layer into the unstructured part of the mesh.
There are general guidelines for what the desired growth factor should be, from the perspective of turbulence modeling. Spalart [22, 23] states that the growth factor should be close to 1.25 to accurately capture the log-layer. Generally a growth factor beyond the value of 1.4 is deemed too large for accurately capturing the boundary layers. Many meshing tools are based on setting t 0 , T and n layers , and the growth factor is automatically calculated, internally. The accuracy then in turn hinges on the knowledge and prior calculation to make sure that the growth factor being calculated is acceptable.
The adaptation tool gives the ability to set the growth factor at each wall vertex. We set r in the range of 1.2 − 1.25 to be within the acceptable limits. Selecting a growth factor less than 1.2 has the disadvantage of creating more elements than needed. The number of layers are then calculated using Eq.1.
F. Developments for separated boundary layers
The techniques described above for calculating the different aspects of the boundary layer meshes work well for attached boundary layers. However, separated boundary layers need extra care and special detection strategies due to different flow physics that must be captured.
Extension to separated boundary layers
To treat separated boundary layers properly, they must first be detected. As it can be seen from Figure 6 , they have a unique profile characterized due to flow reversal. We again make use of the wall normal growth curves and walk along the growth edges to detect a change in the flow direction. If a change (usually more than 120 o ) is detected across the profile, then the vertex on the wall is marked as separated; otherwise the boundary layer is treated as an attached boundary layer.
This method requires that the total height of the layers in this region at least exceeds the height at which the flow direction is reversed. This means that typically initial boundary layer meshes for such regions should be tall enough and mesh very close to the wall should be fine enough to capture the flow reversal. Currently we make sure that this criteria is satisfied through initial meshing, but an iterative adaptive procedure like the one we use eventually leads to suitable meshes which are able to capture this effect.
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Calculation of the wall shear stress
The method of using Spalding's law to calculate the wall shear stress, is not appropriate for separated boundary layers, since the typical turbulent profile is absent. In such a case, where separation is detected, wall shear stress is calculated using the finite difference method explained earlier.
The accuracy of such calculations is not as good as other methods, but it gives a reasonable estimate. Also, for separated boundary layers, the first cell height of the layer is not as crucial as for the attached boundary layers, hence such an approximate approach is justifiable.
Total height of the layered portion (T )
For separated boundary layers, the free shear layer might get separated from the wall to a fair distance, in which case it might not be prudent to increase the boundary layer height. Even though it would be a good feature to separate or carry the layered mesh from the wall into the free shear layers in order to resolve them effectively, this capacity is still under development.
The techniques explained above for attached boundary layers predict that the boundary layer's height should be increased to the height of the complete shear layer. However, this is not always practical for separated boundary layers as this height might introduce excessive stretching of the elements near the interface.
In a more practical approach, the boundary layer height is increased beyond the height at which the flow reversal is detected so that the boundary layer mesh is tall enough to "sense" the change in the flow direction and the rest of the boundary layer mesh is destroyed and the free shear layer region is meshed with unstructured elements, with specific care to resolve the free shear layer. This approach is used in this work. For anisotropic adaptivity, velocity Hessians give good resolution in these layers since the anisotropy of the top of the shear layer is not very high.
G. Shock wave -boundary layer interactions
In transonic and supersonic flows, one of the main regions of interest is where the shock waves and the boundary layers interact. Shock waves lead to sharp variations (along the shock-normal direction) and can cause thickening of the boundary layer and even separation. Due to their complex nature, these regions need greater attention and higher resolution. Since the in-plane mesh sizes for the shock wave -boundary layer interactions are smaller, care needs to be taken to trim away the boundary layer elements that develop anisotropy in the wrong direction as the in-plane resolution becomes finer than the normal direction resolution. One way to control this, is by limiting the layer height.
We implemented a shock wave -boundary layer detection algorithm which detects a shockboundary layer interaction by looking at the pressure gradients near the walls. The shock detection is based on the directional derivative algorithm described by Ma et al. [24] . At points very close to the walls, value of ∇P is calculated in the flow direction. If this value is greater than a user specified threshold , the vertex on the wall is marked as being in the vicinity of the shock. These wall vertices are marked to not increase the boundary layer height beyond a certain limit to avoid poorly shaped prism elements stretched in the normal direction. The boundary layer height in the shock region is limited by a factor of the upstream boundary layer height, so that it does not change suddenly with the shock. Though the method explained above is simplistic in nature and requires careful selection of a threshold value, it is useful in determining approximate location of a shock near a no-slip wall to limit the boundary layer height in the vicinity.
H. Smoothness of fields
Many times, coarse solutions develop non-smooth size field requests, especially in the boundary layer. The quantities like wall shear stress which form the basis of our physics based adaptivity strategy, can also be non-smooth. Mesh adaptation procedures can have a hard time handling quantities with sharp changes. A potentially unstable situation can occur if the mesh adaptation accurately adapts to such requests, since many high fidelity solvers produce oscillatory results in such cases. Due to these factors a smoothing strategy becomes necessary. In this work a smoothing strategy based on simple averaging of fields using neighboring elements is used. This smoothing technique is applied to the mesh sizes, as well as wall shear stress and the total height of the boundary layer, which are the main parameters being controlled through thickness adaptivity.
IV. Results
In this section, we present application of our adaptive boundary layer meshing technique on two aerodynamic problems involving transonic and turbulent flows. The first case is the Delery bump [25] and the second case is the ONERA M6 wing [26] . For both of these cases, a compressible finite element formulation was used for the flow simulations [27] . The various meshes in the analysis are labeled with 'LEV', indicating the level of the adapted mesh, with LEV0 as the initial mesh through LEV3 which is the third adapted mesh.
A. Delery bump
The first case we studied involves a steady transonic flow over a 2D bump which results in shock and boundary layer interaction. The experiments for this case were first carried out by Delery [25] .
This case is often used to evaluate the performance of turbulence models. Air enters the nozzle from a reservoir at stagnation pressure and temperature of P 0 = 96000 P a and T 0 = 300 K, respectively, and accelerates over the bump reaching supersonic speeds. The exit pressure is maintained at 61500 P a. For these inlet and exit conditions, a shock develops on the leeward side of the bump.
We used RANS Spalart-Allmaras [19] Figure 7 (a) shows zooms of the initial mesh and the three adapted meshes towards the end of the bump. The boundary layer thickens after the shock as expected. Before the shock, boundary layer thickness remains low on both the bottom and the top walls. In the separated region, the boundary layer height is maintained until the flow reversal is detected in the boundary layer profile.
The LEV1 mesh shows some overshoot in the boundary layer thickness, but latter adapted meshes show converged behavior in terms of the boundary layer height.
Furthermore, adaptive refinement follows the curved shock such that the direction normal to the shock is refined much more than that along the shock. This behavior is more evident from Figure 7 (b), which displays the meshes in the shock wave -boundary layer interaction region. In adapted LEV2 and LEV3 meshes the boundary layer height is decreased in the vicinity of the shock which is in accordance to the shock detection algorithm. One thing to notice is that the initial mesh is too coarse to detect the flow reversal which occurs immediately after the shock and the boundary layer height is maintained according to the attached boundary layer algorithm. However, the adapted LEV1 mesh becomes fine enough to detect the profile change and separation is detected.
Based on this the boundary layer is trimmed immediately after the shock and is maintained only until the height at which flow reversal is detected. Figure 8 shows Mach number on a plane as well as its isocurves. The isocurves show progressive sharpness in the shock region, with adaptivity (on LEV2 and LEV3). The LEV3 mesh gives the sharpest resolution. Figure 9 (a) shows pressure around the shock region over the bump. The adapted meshes are able to resolve the shock sharply as compared to the initial mesh; the best resolution is given by the LEV3 mesh. Figure 9 (b) shows a zoom of the shock wave -boundary This aspect is studied in more detail below.
To show effectiveness of adaptivity in adjusting the first cell height from the wall, we plot a bar graph showing distribution of ∆y for the LEV3 mesh, with majority of them close to 1. However, some first cells have height below 1 (in wall units) due to numerical estimation of quantities that are used in our adaptive procedures and also due to application of limiting layer height in the separation region.
The normalized bottom wall pressure is plotted in Figure 11 and indicates a good agreement between the experimental and the simulation values for initial and adapted meshes. The flow solver over predicts the wall pressure after the shock, in the separation zone. This behavior has been seen before by Emory et al. [28] and Lien et al. [29] . These differences can be attributed to the three dimensional nature of the experiment and to the turbulence model's limitations in capturing the effect of separation, which is not a concern of this paper. Table 1 
Mach isocurves
To make sure mesh convergence was reached, we uniformly refined the LEV3 mesh. This means that each mesh edge was split into two to get a new LEV4 mesh. This LEV4 mesh showed no significant difference in the solution when compared to the LEV3 mesh, which makes a strong case for verification of the results. Figure 13 shows the LEV4 mesh generated with uniform refinement in comparison to the initial LEV0 and the adapted LEV3 mesh. The Mach isocurves on the right 21 show no significant difference in their behavior, displaying that mesh independence is reached. This indicates that any further mesh refinement beyond the LEV3 mesh would produce similar results with no significant differences.
Comparison with nested refinement
To display the effectiveness of adaptive refinement approach, we compared it with nested refinement of the Delery bump (denoted by NLEV). In nested refinement, each mesh edge is split in two. Typically, the layers are not refined in the direction of the growth curves, meaning that the normal spacing is kept constant. The first two refinement passes are done with this approach.
However, sometimes there is also a need to change the normal spacing of the boundary layers to check if that has any effect on the flow solution. With the adaptive tools that we use, this can be achieved by converting the prisms and pyramids in the boundary layers to tetrahedra. In the last nested refinement pass, the normal spacing is also changed using tetrahedra elements in the boundary layers.
Clearly, the coarse initial mesh (LEV0) that we used in the adaptive approach is inadequate to capture the shock. While it was useful in showing that we could start with such a mesh and still arrive at a converged solution on the third adapted mesh, for the nested refinement approach we start with a mesh which is more refined (preemptively) in the area near the leeward side of the bump (NLEV0). Nested refinements are then carried out and solution is computed after each refinement pass and the solution is compared to the adapted LEV3 mesh. The NLEV3 and LEV3 meshes give similar flow solution when visualized.
The number of points/vertices and cells/elements of the adapted meshes and the uniformly refined meshes, and the time required to create them are given in Table 2 . As uniform refinement is a fairly straight forward operation, the time required to create refined NLEV meshes is smaller compared to adapted LEV meshes, considering the number of elements added in each cycle. Even though it takes less time to create the NLEV meshes, the time taken for adaptation/refinement is usually only a small fraction of the time required for flow analysis. Since adaptation creates meshes with significantly smaller number of elements, the analysis time is reduced by a greater margin and 22 is therefore a preferred method to refine the meshes. For example, the refined NLEV3 mesh has 85.16 million elements compare to the adapted LEV3 mesh that has 1.78 million elements and takes nearly 682 CPU hours to compute 100 time steps, whereas the latter requires only 7.6 CPU hours for the same. Figure 14 shows the refined NLEV3 and the adapted LEV3 meshes over the bump along with corresponding speed isocurves in color and pressure isocurves as black lines. Note that the layers in the refined NLEV3 mesh are converted to all tetrahedra elements to uniformly refine the wall normal direction. Though the adapted LEV3 mesh shows prism boundary layers, for a fair comparison in terms of computational resources, it was also converted to all tetrahedra elements and those statistics have been used in Table 2 . From the mesh pictures it is clear that the reason for the efficiency given by the adapted mesh is due to the selective refinement of the shock region and the anisotropy which develops as a result. The other flow regions remain comparatively coarse for the adapted LEV3 mesh, which contribute to the computational savings, whereas for the nested refinement all regions are uniformly refined.
From the computed solution the location and the shape of the shock look fairly similar for both the meshes, at this level of visualization. The sizes of the separation bubble predicted by both meshes agree well with each other. This indicates that both the adapted LEV3 and refined NLEV3 meshes give very similar results. However, computationally these two meshes are vastly different and using the adapted mesh leads to significant savings in terms of the computational resources.
This demonstrates the efficiency and the effectiveness of the present adaptive approach.
B. ONERA M6 wing
The ONERA M6 wing is one of the classic validation cases. The reference experimental data is from Schmitt and Charpin in 1979 [26] . Air enters the wind tunnel at transonic speed and is accelerated over the wing to supersonic speeds causing a shock to appear on the upper surface of the wing. The free stream Mach number is 0.84, and the angle of attack is 3.06 o . The free stream pressure and temperature are 42.89 psi and 255.5 K. The Reynolds number is 11.72 million based on the mean aerodynamic chord. This flow demonstrates a strong need for adaptive meshes due to its unknown shock location a priori to the flow solve and complex nature of the lambda shock.
For this case too, we used the Spalart-Allmaras [19] one-equation turbulence model. Pressure
Hessians were used as error indicators to resolve the shock on the wing surface. The first cell height was requested to be ∆y + 0 = 1.
24
Fig . 15 Meshes and corresponding surface pressure plots and isocurves Figure 15 shows the initial and the adapted meshes of the wing surface and the corresponding surface pressure. The mesh gets refined in the shock region and the lambda shape of the shock is clearly replicated in the adapted meshes. The mesh downstream of the shock is coarsened, due
to low values of pressure gradients in this region. The surface pressure isocurves become sharper and more regular in shape with adaptivity. On the right hand side of Figure 15 , zoom near the shock region is shown, where anisotropy is developed in the surface elements along the shock as compared to the direction normal to the shock. One thing to notice is that the elements start aligning themselves with the shock in the adapted LEV1 mesh, but need one more adaptation loop to show this behavior more clearly. Figure 16 shows the changes in the boundary layer height on the upper surfaces of the wing with adaptivity. Clearly, the total height of the boundary layer prior to the shock remains relatively low. After the shock the boundary layer thickens as expected. The zone where shock wave meets the boundary layer can also be seen and the elements oriented with finer resolution normal to the shock and longer edges along the shock are clearly visible. The average first cell layer height for the 
V. Conclusion
In this paper we have presented anisotropic adaptive control of boundary layer meshes and their application to transonic turbulent flows. A new way to adaptively calculate the attributes of boundary layer meshes is described and is combined with the traditional numerical error indicators to drive overall mesh adaptivity. A clear advantage of such an approach is the use of flow physics to set normal mesh spacings near the walls, instead of using less effective error indicators.
We demonstrated the ability of this approach to capture the boundary layer physics as well as other flow regions by applying the adaptive techniques to two transonic flow cases. The first application was the Delery bump, where adaptivity improved the shock resolution and the boundary layer profiles. The separation zone was captured with greater accuracy with adaptivity. A uniform refinement of the adapted mesh was used to verify the adaptivity approach arrived at a mesh independent solution. The second application was the ONERA M6 wing, where also adaptivity leads to better results in terms of the surface pressure isocurves and the coefficient of pressure on the wing. We also showed that the shock wave-boundary layer interactions are captured better with adapted boundary layer meshes.
